Binding number and toughness for matching extension  by Chen, Ciping
DISCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 146 (1995) 303-306 
Note 
Binding number and toughness for matching extension 
Ciping Chen ~ 
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA 
Received 2 October 1992; revised 1 March 1994 
Abstract 
A graph G of even order is said to be k-extendable if every matching of size k in G can be 
extended to a 1-factor of G. Plummet (1988) showed that a graph G is k-extendable if tough 
(G) > k, and we here prove that G is also k-extendable if bind(G) > max {k, (7k + 13)/12}. 
1. Introduction 
We consider only finite simple graphs G with vertex set V(G) and edge set E(G). For 
any v e V(G), we denote by de (v) the degree of v in G. For any S c V(G), we denote by 
No(S) the neighbor set of S in G, by G[S] the subgraph of G induced by S, and by 
G - S the subgraph obtained from G by deleting the vertices in S together with their 
incident edges. If S, T c V(G) with S c~ T = ~, then we write eo (S, T) for the number 
of edges of G joining vertices in S to vertices in T. We write I (G) for the set of isolated 
vertices of G and put i(G) = I-I(G)I. We also denote by w(G) and o(G) the number of 
components and the number of odd components of G, respectively. A spanning 
subgraph F of G is called a 1-factor if dF(x) = 1 for all x e V(G). G is said to be 
k-extendable if every matching of size k in G can be extended to a l-factor. If H is also 
a graph, then we write G + H for the new graph, called the join of G and H, 
constructed from G and H by joining each vertex of G to all the vertices of H. 
Throughout this paper, k, m and n denote positive integers. The binding number of G is 
defined by Woodall [4] as 
• (IN~(X)l 0 } bind(G) := mm~ -~l  ~: X c V(G) and NG(X) =/: V(G) , 
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and the touahness of G is introduced by Chvatal [1] as 
tough(G):= min w(G - X c V(G) and w(G - X )  >1 2 
if G is not a complete graph, and tough (G):-- oe if G is a complete graph. 
Plummer [2] proved that a graph G of even order is k-extendable if tough(G) > k. 
Our main purpose is to prove that G is also k-extendable if bind(G)> k or 
(7k + 13)/12 according to whether k >/3 or k ~< 2, and give a short proof of Plummer's 
result. 
2. Results 
Theorem 1. Let k >. 1 and G be a oraph of even order. I f  either of the followin9 holds, 
then G is k-extendable. 
(i) (Plummer [2]) tough(G) > k. 
(ii) bind(G) > max {k, (7k + 13)/12}. 
Note that max {k,(7k + 13)/12} = k or (7k + 13)/12 according as k i> 3 or k ~< 2. 
Note also that one cannot replace > by/> in Theorem 1 (i) or (ii). This is shown by 
the graphs Hk,,. = Kk + 2Kin. Obviously, H2k,2m-~ has no 1-factor that contains any 
k independent edges of the Kzk for any k >~ I and m >/1. But 
bind(H2.a) = 3 ~, bind(H,,.3) = ~, 
tough(H2k,2.-1) = 2k = k. 
bind(H2k, X) = 2k = k, 
Besides, it is easily seen that Theorem 1 also holds for graphs with multiple edges 
since a multiple-edge graph has the same toughness and binding number as its 
underlying simple graph. However, our Theorem l(ii) does not hold for graphs with 
loops. For example, let H = K2k + 2C1, where C~ is a loop with its incident vertex 
together. Then H has no 1-factor that contains any k independent edges of the K2k for 
any k ~> 1, but bind (H) = 2k + 1. 
3. Proofs 
In order to prove our Theorem 1, we need a lemma. 
Lemma 1. Let k >>, 1. Then a 9raph G is k-extendable if and only if 
o(G - S) ~ I S I -  2k 
for every S c V(G) such that G IS] contains k independent edoes. 
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Proof. The necessity is trivial. Conversely, let el, e2 . . . . .  e k be k independent edges of 
G and Vk be the set of the incident vertices of el . . . . .  ek. Define G' = G - Vk. Then 
G has a l-factor containing all of et .... .  ek if and only if G' has a 1-factor. Thus, by 
Tutte's 1-factor theorem [3], it suffices to show that o(G ' -S ' )<~ IS'l for all 
S ' c  V (G ' )= V(G) -Vk .  In fact, letting S=S'w Vk, we have o(G ' -S ' )= 
o(G - S) ~ I SI - 2k = I S'l by the hypothesis. [] 
Proof of Theorem 1. Suppose that (i) or (ii) holds, but that G is not k-extendable. Then 
by Lemma l, and since G has even order, there exists a subset S of V(G) such that 
L S] >~ 2k and 
o(G - S )  >1 ISl - 2k + 2. (1) 
We shall derive contradictions. 
Suppose first that tough(G) > k. Since w(G - S) >f 2 by (1), we have 
o(G - S) <<. w(G - S) <.% I S l / tough(G)  < IS l /k  <-% ISI - 2k + 2. 
This contradicts (1). 
Suppose now that bind(G) = b > max {k,(7k + 13)/12}. We consider two cases. 
Case 1: i(G - S) > 0. Let X = V(G) - S. Since NG(X)  # V(G), we have 
I V(G) I - i (a  - S) >~ IN~(X)I /> b lX l  = bl v(a)l  - blSl,  
and thus 
i (a  - S) <~ blSl - (b - 1)1V(G)I. (2) 
It follows from (1) and (2) that 
o(G - S ) -  i(G - S) >1 
Hence, counting the vertices 
I V(G)I - ISI/> i(G - S) 
>/~(G - s) 
This gives 
[Sl - 2k + 2 - blSl + (b - 1)1V(G)I 
(b - 1)(I V(G)I - ISl) - 2k + 2. 
in V(G)  - S and using (3), we obtain that 
+ 3(o (G-  S) -  i (G -  S)) 
+ 3(b - 1)(I VI (G) - ISI) - 6k + 6. 
(3) 
(3b - 4)(I V(G)I - ISI) ~< 6k - 6 - i(G - S). (4) 
If i(G - S) >t 2, since [V(G)I - IS] >>- o(G - S) >t 2 by (1), we deduce from (4) that 
6b-8~<6k-8 ,  giving the contradiction b-%<k. Otherwise, i (G -S)= 1 and 
I V (G) I -LS I>~4 since o(G-S)>~2 by (1), and so we get from (4) that 
12b - 16 ~< 6k - 7, implying the contradiction b -%< ½k + ¼ < (7k + 13)/12. 
Case 2: i(G - S )  = O. We divide this case into two subcases. 
Subcase 2.1: k >~ 2. Let r be the minimum number of vertices in any odd compo- 
nents of G - S and let X be the union set of any one vertex of some odd component of 
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G - S and all vertices of any other [SI - 2k + 1 odd components of G - S. Since 
N6(X)  =A V(G), we have ISl + ( Ixl  - 1) + ( r -  1)/> ISG(X)l t> blXI, and so 
(b - I)JX[ ~< [SI + r - 2. Combining this with IX[ ~> r([SI - 2k + 1) + 1, we have 
r - -  IS[ ~< + (2k - 1 ) r -  1. (5) 
Since r/> 3 > 1/(b - 1) and ISI/> 2k, (5) implies that 
2k + 2r - 1 
b~ 
r+ l  
Being a function ofr, f(r):= (2k + 2r - 1)/(r + l) attains its maximum at r = 3 for any 
given k >/2 (since clearly r/> 3). Thus, we obtain 
b<~f(3)=2k+5 { 7k+13} 
~ < m a x  k, 12 ' 
a contradiction. 
Subcase 2.2: k = 1. Similarly, let X be the set of all vertices of any I Sl - 1 odd 
components of G-S .  Then we have ISI + IXI ~>IN~(X)I >>-blXI, and so 
IXI ~< ISI/(b - 1). Combining this with IX]/> 3(ISI - 1), we get 3(ISI - 1) ~< 
ISI/(b - 1), which with ISI >/2 together gives b ~< ] = max {1,]}, a contradiction 
again. [] 
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